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A recent result of Tobias Ekholm [T. Ekholm, Regular homotopy and total curvature II:
Sphere immersions into 3-space, Alg. Geom. Topol. 6 (2006) 493–513] shows that for every
 > 0 it is possible to construct a sphere eversion such that the total absolute curvature
of the immersed spheres are always less than 8π + . It is an open question whether
this is the best possible. The paper contains results relating to this conjecture. As an
interesting consequence of these methods it is shown that if during an eversion the total
absolute curvature does not exceed 12π then a certain topological event must take place,
namely the immersion must become non-simple at some point. An immersion f in general
position is simple if for any irreducible self-intersection curve of f in 3-space, its two pre-
image curves in the sphere are disjoint.
© 2008 Elsevier B.V. All rights reserved.
0. Introduction
Throughout the whole paper unless otherwise mentioned all immersions are assumed to be smooth. Let f : S → R3 be
an immersed surface. Then the total curvature TC( f ) and the total absolute curvature TAC( f ) of the immersion is deﬁned
as
TC( f ) =
∫
S
K dA and TAC( f ) =
∫
S
|K |dA,
where dA is the area element and K is the Gauss curvature of S induced by the immersion. We also use the notation of
TC(S ′) and TAC(S ′) for the total curvature and total absolute curvature of a set S ′ ⊂ S .
A sphere eversion is a smooth family of immersions ft : S2 → R3, 0 t  1, such that f0 is the standard embedding of
S2 and f1 is an orientation reversing embedding (for example the reﬂection of S2 across the xy-plane) of S2 into R3.
T. Ekholm showed in a recent paper [2] that for every  > 0 there is a sphere eversion such that the total absolute
curvature of the immersed spheres are always less than 8π +  and asked the question: is this result the best possible?
An aﬃrmative answer would be equivalent to the following conjecture.
Conjecture A. Let ft : S2 →R3 , 0 t  1, be a smooth sphere eversion. Then there is a t0 ∈ [0,1] such that TAC( ft0 (S2)) 8π .
The idea of a possible proof could be the following. At each moment draw the convex hull of the immersed sphere and
sort the points on the boundary of the convex hull into three sets. In the ﬁrst set we put those points that belong to the
immersed sphere and the co-orienting normal points outward. The second set would consist of those points that lie on the
immersed sphere but the co-orienting normal points inward. Finally, we sort the points on the boundary of the convex hull
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contribute to the total curvature of the convex hull. Therefore, the total curvature of the ﬁrst and second set must add up
to 4π .
Let us now assume that the eversion is “generic” and the total curvatures of the ﬁrst and second sets change contin-
uously. Since at the beginning of the eversion the ﬁrst set is the whole boundary of the convex hull and the second set
is empty and at the end the ﬁrst set is empty and the second set is the whole boundary of the convex hull there has to
be a moment when the total curvatures of the ﬁrst and second sets are the same, that is 2π . This moment seems to be a
good candidate for the total absolute curvature of the immersed sphere to be greater than or equal to 8π and the aim of
Conjecture B below is to prove just that. To state the conjecture we need to describe the above sets more precisely.
Let f : S2 → R3 be a smooth immersion and let N : S2 → R3 be the co-orienting normal ﬁeld deﬁned as follows. For
x ∈ S2 let v1, v2 ∈ TxS2 be positively oriented orthogonal tangent vectors. Deﬁne N(x) to be the unit vector parallel to
df (v1) × df (v2), where × denotes the cross-product on R3.
Deﬁne the set C ⊂ S2 as C = {p ∈ S2: f (p) ∈ ∂ Chull( f (S2))} where Chull( f (S2)) denotes the convex hull of f (S2). Then
clearly C is a closed subset of S2 with nonnegative sectional curvature with respect to the metric induced by the immersion.
It is also clear that the total curvature of C has to be at least 4π .
The set C is decomposed as the disjoint union of two closed subsets C = C+ ∪C− , where C+ = {p ∈ C : N(p) is the outer
normal of ∂ Chull( f (S2))} and C− = {p ∈ C : N(p) is the inner normal of ∂ Chull( f (S2))} and d = min{TC(C+),TC(C−)}.
Then the statement that would imply Conjecture A is as follows.
Conjecture B. Let f : S2 → R3 be an immersion in general position and set d = min{TC(C−),TC(C+)}. Then for the total absolute
curvature of the immersion we have TAC( f ) 4π + 2d.
A smooth immersion f : S2 →R3 is in general position if all self-intersections are transversal.
The aim of this paper is to prove Conjecture B in a special situation when the immersion is simple. Loosely speaking
we call an immersion simple if it is in general position and the preimages of a curve of self-intersection are disjoint. The
precise deﬁnition of a simple immersion is given at the end of Section 1. We have the following theorem.
Theorem 1. Let f : S2 → R3 be a simple immersion. Set d = min{TC(C−),TC(C+)}. Then for the total absolute curvature of the
immersion we have TAC( f ) 4π + 2d.
As a curious consequence of the proof of Theorem 1 one can show that during a generic sphere eversion there has to
be a moment when the immersion is non-simple. Since the proof is not constructive we give an example of a non-simple
immersion at the end of Section 4. The precise statement is the following.
Let ft : S2 →R3, 0 t  1, be a sphere eversion. We say that the eversion is in general position if with the exception of
ﬁnitely many t ’s ft is in general position and if for some t the immersion ft is not in general position then there are only
ﬁnitely many points of the self-intersection where the surface normals are not linearly independent.
Theorem 2. Let ft : S2 → R3 , 0 t  1, be a sphere eversion in general position such that for every t ∈ [0,1], TAC( ft) < 12π . Then
there is a t0 ∈ [0,1] with the property that ft0 is in general position and non-simple.
One must wonder whether the condition TAC( ft(S2)) < 12π for all t ∈ [0,1] is really necessary. We therefore ask: is it
true that for any sphere eversion there is a moment when the immersion is non-simple?
The occurrence of a non-simple immersion during the eversion can be considered a topological event. In this respect
Theorem 2 is similar to the result stating the existence of a quadruple point during any eversion.
To give the rough idea of the proof of Theorem 1 we consider a special situation. Take the standard sphere and push one
side in until it bulges out on the other side. Then the convex hull is supported by two sets one of them lies on the bulge.
Assume that the total curvature of this part is d. Remove the bulge and take the convex hull of the remaining surface. Since
the total curvature of the convex hull remains 4π there is now a new part of the surface—hitherto hidden by the convex
hull—that lies on the convex hull with total curvature exactly d. Since there is a subset of the surface with total curvature
4π + d the total absolute curvature must be at least 4π + 2d.
The outline of the paper is as follows. Section 1 contains some facts about the self-intersections of an immersion in
general position and the notion of a simple immersion is deﬁned. In Section 2 we introduce a coloring of the immersed
surface and prove some basic properties. Section 3 contains the proof of Theorem 1 and Section 4 contains the proof of
Theorem 2.
1. Self-intersections
Throughout the whole section f : S2 → R3 will be a smooth immersion in general position, that is all self-intersections
are transversal. Let Γ denote the set of multiple points given as
Γ = {x ∈ S2: f −1( f (x)) consists of more than one point}.
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We call two points p,q ∈ S2 conjugate if f (p) = f (q). Similarly we call two curves γ1 : [a,b] → S2 and γ2 : [a,b] →
S2 conjugate if f (γ1(t)) = f (γ2(t)) for all t ∈ [a,b]. This notion is somewhat more restrictive then simply requiring that
f (γ1) = f (γ2) where γ2 and γ2 are considered as point-sets. It will be convenient to extend this notion to tangent vectors
as well.
We call two tangent vectors v,w ∈ T S2 conjugate if there are conjugate curves γ1, γ2 such that γ ′1(0) = v and γ ′2(0) = w .
Clearly in all three cases the conjugate relation is an equivalence relation.
The following two properties of Γ are well known.
Proposition 1.1. There are ﬁnitely many smooth immersed closed curves γi : S1 → S2 , i = 1, . . . ,n, such that Γ = ⋃ni=1 γi . All
intersections of the curves γi are transversal including self-intersections.
Proposition 1.2. If p ∈ Γ is a double point, then there is exactly one smooth closed curve γ ⊂ Γ passing through p. If p ∈ Γ is a triple
point, then either there are exactly two smooth closed curves γ1, γ2 ⊂ Γ passing through p and intersecting transversally or p is a self-
intersection point of some γi . If p,q ∈ Γ are two conjugate points, then there are uniquely (up to re-parameterizations) determined
smooth closed curves γp, γq through p and q respectively that are conjugate. It also implies that there are uniquely determined tangent
vectors vp ∈ T p S2 and vq ∈ Tq S2 that are conjugate.
Proof. The ﬁrst two statements are easy to see. We make a remark regarding the third statement only. If p,q ∈ Γ are two
conjugate points, then due to the transversality condition there are small disjoint neighborhoods B(p, ) of p and B(q, ) of
q such that the intersection of the surfaces f (B(p, )) and f (B(q, )) is a smooth curve. Pull back this curve together with
its parametrization to S2 to obtain conjugate curves passing through p and q. Then apply a continuation argument to these
curves to acquire the closed conjugate curves. 
The goal of the next two propositions is to show that conjugate curves are different as point-sets. This uses the fact that
S2 is orientable. Self-conjugate curves might arise from immersions of non-orientable surfaces. First we have.
Proposition 1.3. If vi ∈ T pi S2 for i = 1,2,3 are three different tangent vectors, then v1 cannot be conjugate to v2 and v3 .
Proof. If vi is conjugate to v j then from the deﬁnition we have that df (vi) = df (v j). This implies that the base points pi
and p j of these tangent vectors are all different. Therefore we have p1, p2, p3 ∈ S2 such that vi ∈ T pi S2 for i = 1,2,3. But in
that case the co-orienting normals N(pi) for i = 1,2,3 are all orthogonal to df (v1) = df (v2) = df (v3) therefore they cannot
be linearly independent and that is a contradiction. 
Next we show that two conjugate curves cannot be different parameterizations of the same curve. The precise statement
is the following.
Proposition 1.4. Let p,q ∈ Γ be two different conjugate points and let γ1 : [0,1] → S2 and γ2 : [0,1] → S2 be conjugate closed
curves such that γ1(0) = γ1(1) = p and γ2(0) = γ2(1) = q. Then γ1 = γ2 as point-sets.
Proof. One could use the results of [3] to obtain a shorter proof but the following argument is self-contained and elemen-
tary. Suppose γ1 = γ2 as point-sets. Then there is point 0 < t0 < 1 such that γ1(t0) = q and γ ′1(t0) = γ ′2(0). Notice that
v1 = γ ′1(0) and v2 = γ ′2(0) are conjugate tangent vectors and similarly v2 = γ ′1(t0) and v3 = γ ′2(t0) are conjugate tangent
vectors. Then by Proposition 1.3 we have that v3 = v1, that is f : γ1 →R3 is a double covering map.
For every t ∈ [0,1] deﬁne wi(t) ∈ Tγi(t)S2 for i = 1,2 to be a unit length tangent vector at γi(t) that is orthogonal to
γ ′i (t) and {wi(t), γ ′i (t)} is positively oriented. Deﬁne the function g(t) for t ∈ [0,1] as follows
g(t) = det{df (γ ′1(t)),df (w1(t)),df (w2(t))}.
Since all self-intersections are transversal the vectors df (γ ′1(t)),df (w1(t)),df (w2(t)) ∈ T f (γ1(t))R3 are linearly independent
therefore g(t) = 0 for all t ∈ [0,1]. But γ2(t0) = p with γ ′2(t0) = γ ′1(0) and γ1(t0) = q with γ ′1(t0) = γ ′2(0) therefore
w1(t0) = w2(0), w2(t0) = w1(0).
Since γ ′1(t0) = γ ′2(0) and γ ′1(0) are conjugate we have that df (γ ′1(t0)) = df (γ ′1(0)) which implies that
g(t0) = det
{
df
(
γ ′1(0)
)
,df
(
w2(0)
)
,df
(
w1(0)
)}= −g(0).
Since g is continuous it must assume zero at some point and that is a contradiction. This completes the proof. 
Finally we introduce the notion of a simple immersion. Let p,q be distinct conjugate points and let γp : [0,1] → S2 and
γq : [0,1] → S2 be closed conjugate curves (γp(0) = γp(1) = p and γq(0) = γq(1) = q) through p and q. Then we have two
possibilities: either γp and γq are disjoint or they intersect transversally in ﬁnitely many points.
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Deﬁnition. Let f : S2 → R3 be a smooth immersion. We call this immersion simple if it is in general position and if
γp : [0,1] → S2 and γq : [0,1] → S2 are different conjugate curves, then the curves do not intersect.
2. Coloring the surface
Throughout the whole section f : S2 → R3 will be an immersion in general position that is simple and as before Γ =⋃n
i=1 γi denotes the set of multiple points, where γi : S1 → S2, i = 1, . . . ,n, are smooth closed curves with transversal
intersections.
First we construct a “two-coloring” of S2 − Γ , that is a function g : S2 − Γ → {0,1} which is constant on the connected
components of S2 − Γ and assumes different values on neighboring components. The fact that such coloring exists is well
known, and it is sometimes referred to as the Two Color Theorem and can be proved by induction, see also [4] and [5] for a
different approach. Our procedure is explicit. We can determine the color of the connected components independently from
the coloring of the neighboring components. This has the beneﬁt that we can say something about the colors of certain
regions that are important to our argument. Such a scheme was also used in [1].
We start by “two-coloring” the complement of the immersed surface according to whether the winding number of the
surface with respect to the given point is even or odd. To be more precise let x ∈R3 − f (S2) and let  > 0 be small enough
such that Sx() the sphere of radius  around x does not intersect f (S2). Denote by πx, : R3 − {x} → Sx() the radial
projection. Then πx, ◦ f : S2 → Sx() is a smooth map and we deﬁne the winding number of f at the point x as the degree
of this map, that is w f (x) = deg(πx, ◦ f ). This is clearly independent of the choice of  . The “two-coloring” of R3 − f (S2)
is a map W :R3 − f (S2) → {0,1} given by
W (x) = w f (x) mod 2.
We call two components Vi and V j of R3 − f (S2) neighbors if there is an open set D ⊂ S2 such that f (D) ⊂ ∂Vi ∩ ∂V j ,
where ∂Vi denotes the boundary of Vi . Then the following properties of the winding number are easy to show.
Proposition 2.1. The functions w f and W are constant on the components of R3 − f (S2).
If one moves from one connected component to a neighboring one, then the value of w f and therefore the value of W
changes by one. That is we have:
Proposition 2.2. If V i and V j are neighboring components of R3 − f (S2) in the above sense, then w f |Vi = w f |V j ± 1 and the same
is true for W .
We now deﬁne a “coloring” of the surface. This has nothing to do with the coloring of the outside and the inside of the
surface mentioned in the introduction. If p ∈ S2 − Γ , then f (p) lies on the boundary of exactly two connected components
of R3 − f (S2). Then the co-orienting normal vector N(p) at f (p) points “into” one of the components and we assign the
“color” of that component to p.
To be more precise, set U = S2 − Γ . Then U is an open set with the property that each point in f (U ) is covered by
f exactly once. The “coloring” of U is a map g : U → {0,1} given as follows. Let p ∈ U and choose  > 0 small enough
such that the curve ν(t) = f (p) + tN(p) for t ∈ (0, ) does not intersect f (S2). Then ν(t) belongs to the same connected
component of R3 − f (S2) for t ∈ (0, ) and deﬁne g(p) = W (ν(t)). Since by Proposition 2.1 W is constant on the connected
components of R3 − f (S2) the deﬁnition does not depend on the value t ∈ (0, ).
The following properties of g : U → {0,1} follow from the corresponding properties of W :R3 − f (S2) → {0,1}.
Since the self-intersections of f (S2) are transversal one can see that U has ﬁnitely many open connected components.
So we can write U =⋃mi=1 Ui , where Ui are the connected components.
Proposition 2.3. The map g : U → {0,1} is constant on the connected components of U .
Proof. Let Ui be a connected component of U and p,q ∈ Ui . Then there is curve η : [0,1] → Ui such that η(0) = p and
η(1) = q. Then for a small enough  > 0 the curve ν(t) = f (η(t)) + N( f (η(t))) does not intersect f (S2) and g(p) =
W (ν(0)) and g(q) = W (ν(1)). This implies that ν(0) and ν(1) must belong to the same connected component of R3− f (S2),
therefore by Proposition 2.1 we have W (ν(0)) = W (ν(1)) and the proof is complete. 
We call two connected components U1 and U2 of U neighbors if ∂U1 ∩ ∂U2 contains an arc. Then we will show the
analog of Proposition 2.2 that g assumes different values on neighboring connected components.
Proposition 2.4. If U1 and U2 are neighboring components of U ⊂ S2 in the above sense, then g|U1 = g|U2 .
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p = η(0). Then one can ﬁnd a smooth curve ν : [−1,1] → S2 such that ν([−1,0)) ⊂ U1, ν((0,1]) ⊂ U2, ν(0) = p and the
intersection of η and ν is transversal. The existence of such curve is fairly obvious. Let p′ ∈ S2 be the conjugate pair of p and
let Bp′ () be a small geodesic ball of radius  > 0 in S2 centered around the point p′ . Then the curve f (ν) intersects the
surface f (Bp′()) transversally in exactly one point. This remains so if we replace f (ν) by a curve that is suﬃciently close
(in the C1 topology) to f (ν). Let νδ : [−1,1] → R3 be given as νδ(t) = f (ν(t)) + δN( f (ν(t))). Then for a suﬃciently small
δ > 0 we have that the curve νδ[−1,1] intersects f (Bp′ ()) transversally in exactly one point and has no other intersections
with the rest of f (S2). This implies that νδ(−1) and νδ(1) are in neighboring connected components of R3− f (S2) therefore
by Proposition 2.2 g(ν(−1)) = W (νδ(−1)) = W (νδ(1)) = g(ν(1)). Since by Proposition 2.3 g is constant on the connected
components U1 and U2 the proof is complete. 
Next we describe the relation between the coloring g : U → {0,1} of the surface and the color of the convex hull. Let C+
and C− be deﬁned as in the introduction, then we have the following.
Proposition 2.5. For a point p ∈ C+ , g(p) = 0 and for q ∈ C− , g(q) = 1.
Proof. Let p ∈ C+ and  > 0 small enough such that g(p) = W ( f (p) + N( f (p))). Since p ∈ C+ the point f (p) + N( f (p))
is outside the Chull f (S2) therefore from the deﬁnition of the winding number it is obvious that w f ( f (p)+ N( f (p))) = 0.
This gives W ( f (p) + N( f (p))) = g(p) = 0.
The other case is very similar. For q ∈ C− deﬁne the curve ν : [−1,1] → R3 by ν(t) = f (q) + tN( f (q)). Let  > 0
be small enough such that the curve ν(0,1] does not intersect the surface f (S2). Then from the deﬁnition of g we have
g(q) = W (ν(1)). But ν(−1) is outside of Chull f (S2) therefore w f (ν(−1)) = W (ν(−1)) = 0. Since ν(1) and ν(−1) belong to
neighboring connected components of R3 − f (S2) we get W (ν(1)) = 1 and that completes the proof of the proposition. 
Until now we did not use the fact that the immersion was simple. However it will play an important role in what
follows.
By Proposition 2.1 we have Γ =⋃ni=1 γi where γi ’s are smooth closed curves. We deﬁne Out(γi) the outside of γi to be
the connected component of S2 −γi containing the conjugate curve of γi . This is uniquely determined precisely because the
conjugate curve of γi is disjoint from γi . The inside of γi is given as In(γi) = (S2 − γi) − Out(γi). Clearly In(γi) and Out(γi)
are disjoint open sets such that S2 − γi = In(γi) ∪ Out(γi). Let us also remark that Out(γi) is connected while In(γi) is not
connected if γi has self-intersections. Let us introduce the following notations.
In =
n⋃
i=1
In(γi) and Out =
n⋂
i=1
Out(γi).
Then we have
In∩Out = ∅ and In∪Out ⊃ S2 − Γ.
An important ingredient in the proof of Theorem 1 is the fact that the set Out has the same color.
Lemma 2.6. If p,q ∈ Out, then g(p) = g(q).
Proof. The proof is based on the well known fact that two smooth closed curves in general position on S2 (or in R2)
intersect an even number of times.
Let η be a smooth curve connecting p and q such that it intersects Γ transversally and avoids the (ﬁnitely many) triple
points. Since the color along η changes every time it crosses a γi (Proposition 2.4) we need to show that it has an even
number of intersection points with Γ =⋃ni=1 γi . For this it is enough to show that the number of intersections with every
γi is even.
Since p,q ∈ Out(γi) and Out(γi) is connected one can ﬁnd a curve η′ in Out(γi) connecting p and q such that η and η′
form a smooth closed curve. This curve intersects γi an even number of times but since η′ is disjoint from γi the number
of intersections of η and γi must be even and the proof is complete. 
3. Proof of Theorem 1
The idea of the proof of Theorem 1 is to ﬁnd a subset T ⊂ S2 with total curvature (with respect to the metric induced
by the immersion) at least 4π + d. Since the total curvature of S2 (with respect to the metric induced by the immersion) is
4π the total curvature of S2 − T is at most −d. Therefore the total absolute curvature of S2 is at least 4π + 2d as claimed.
If there were a counterexample to Theorem 1 then clearly a small deformation of the immersion would still remain a
counterexample. Therefore, without the loss of generality, we may assume that the immersion f : S2 →R3 has the property
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This is not an important assumption but makes some technical issues easier to handle.
Recall that C ⊂ S2 as C = {p ∈ S2: f (p) ∈ ∂ Chull( f (S2))} and deﬁne the Gauss map G : C → S2 as follows. For p ∈ C let
G(p) be the outer normal of ∂ Chull f (S2) at f (p). Since f : S2 → R3 is smooth the convex hull of its image Chull f (S2)
must have a non-empty interior. Therefore the outer normal is uniquely deﬁned.
Then C is a closed subset of S2 with nonnegative sectional curvature and if the immersion is in general position we have
TC(C) = 4π . Since all self-intersections are transversal they cannot occur on the boundary of the convex hull. Therefore we
have
C ∩ Γ = ∅.
Deﬁne the sets
Ci = C ∩ In(γi) and CIn = C ∩ In =
n⋃
i=1
Ci .
Then we show that
Proposition 3.1. TC(CIn) d.
Proof. Since C − CIn ⊂ Out, by Lemma 2.6 we know that g is constant on C − CIn. But g is also constant on C+ and on
C− (Proposition 2.5) and assumes different values therefore either C − CIn ⊂ C+ or C − CIn ⊂ C− . This implies that either
C− ⊂ CIn or C+ ⊂ CIn. Since d = min{TC(C+),TC(C−)} the proof is complete. 
The next proposition is the key observation. If f : S2 → R3 is a smooth immersion into R3, then the boundary of its
convex hull ∂ Chull( f (S2)) is a C1 surface. That is there are no creases on the boundary of the convex hull. This may not
remain true if one removes part of the immersed surface and take the convex hull of the remaining part. However, the
crucial observation is that if one removes the inside of γi then the boundary of the convex hull of the remaining surface
will have no creases. To be more precise for each curve γi deﬁne
Ki =
{
p ∈ Out(γi): f (p) ∈ ∂ Chull
(
f
(
Out(γi)
))}
.
Let Gi : Ki → S2 be the Gauss map deﬁned to be the outer normal to the convex hull at f (p) for p ∈ Ki . Since the convex
hull has non-empty interior (see the remark at the beginning of this section) the outer normal is unique. We need to show
that:
Proposition 3.2. The sectional curvature on Ki is nonnegative and Gi(Ki) = S2 .
Proof. Let q ∈ Ki be an arbitrary point. Then q ∈ Out(γi), where Out(γi) is open and f (q) ∈ ∂ Chull( f (Out(γi))). Since there
is a smooth surface ( f (Out(γi))) passing through f (q) that is contained in the convex hull the sectional curvature at q
cannot be negative.
For the second part of the statement we argue as follows. Let v ∈ S2 be arbitrary. As in the introduction let Pv be a
plane in R3 with normal vector v such that f (S2) lies on the side of Pv opposite to v . Translate the plane Pv towards
f (Out(γi))∪ f (γi) until it makes ﬁrst contact. Let us denote the point of ﬁrst contact by x (or one of them in case there are
more). Then x ∈ f (Out(γi)) ∪ f (γi) and also x ∈ ∂ Chull( f (Out(γi))).
There are two possibilities. Either x ∈ f (γi) or x /∈ f (γi). If x ∈ f (γi) then there is point p ∈ γi with f (p) = x. Since
the conjugate pair of γi lies in Out(γi) there is a point r ∈ Out(γi) with f (r) = f (p) = x. Since there is a smooth surface
( f (Out(γi))) passing through x that belongs to the convex hull we have Gi(r) = v .
If x /∈ f (γi), then there is a r ∈ Out(γi) such that x = f (r). Then we can apply the previous argument to conclude
Gi(r) = v . This completes the proof of the proposition. 
Set
Fi =
{
p ∈ Ki: Gi(p) ∈ G(Ci)
}
.
Then the following is a consequence of Proposition 3.2
Gi(Fi) = G(Ci). (3.1)
We will need the following—intuitively obvious—technical result. Let M ⊂ S2 be the set of points that are covered by
G : C → S2 multiple times. Then we have
Proposition 3.3. TC(G−1(M)) = 0.
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tangent plane of f (S2) at the point f (p) is a supporting plane of the convex hull of f (S2).
Let us assume that on the contrary we have TC(G−1(M)) > 0. This implies that there is a point p ∈ G−1(M) such that
the sectional curvature of f (S2) at p is positive (that is K (p) > 0) and p is a density point of G−1(M) in the Lebesgue
sense, that is for every  > 0 there is a small enough neighborhood V of p such that
μ(V ∩ G−1(M))
μ(V)
> 1− , (3.2)
where μ denotes the standard measure on S2. Since p ∈ G−1(M) there is a point q ∈ C with G(p) = G(q). This implies that
the tangent plane of f (S2) at the point f (p) contains the point f (q) as well.
Then we will show that for a small enough  > 0 there must exist a point r ∈ V ∩ G−1(M) whose tangent plane T f (r)
separates the points f (p) and f (q). Therefore the tangent plane T f (r) cannot be a supporting plane of the convex hull of
f (S2) and that is a contradiction.
To this end we deﬁne a smooth function h : V → R as follows. Consider the normal ﬁeld on V that coincides with
G(p) at the point f (p). Let us denote this also by G , that is we now extended the map G from C to C ∪ V . Set h(x) =
〈−−−−−→f (x) f (q),G(x)〉, where 〈., .〉 denotes the standard inner product in R3.
First note, that if h(x) > 0, then the tangent plane of f (S2) at the point f (x) cannot be a supporting plane of the convex
hull of f (S2). Therefore f (x) cannot be on the boundary of the convex hull of f (S2). In other words if h(x) > 0, then x /∈ C .
Since the sectional curvature at p is positive therefore the second fundamental form of f (S2) at f (p) is positive deﬁnite
and a simple computation shows that the gradient of h at p cannot be zero (∇h(p) = 0). This implies that the zero set
{h = 0} is a smooth curve passing through p, therefore the density of p with respect to the set {h  0} is 1/2. Since
G−1(M) ⊂ C ⊂ {h 0} this contradicts (3.2) and the proof is now complete. 
As a consequence we have:
Proposition 3.4.
TC(Fi ∩ C) = 0.
Proof. Let p ∈ Fi ∩ C . By deﬁnition Fi ⊂ Ki ⊂ Out(γi) therefore Fi ∩ Ci = ∅. On the other hand from (3.1) it follows that
there is a point q ∈ Ci such that G(q) = Gi(p). Naturally p = q because they belong to disjoint sets (Fi and Ci ). Since
p ∈ C we have Gi(p) = G(p) that is G(p) = G(q) ∈ M . Therefore Fi ∩ C ⊂ G−1(M) and the rest follows from the previous
proposition. 
Proof of Theorem 1. Set
F =
n⋃
i=1
Fi .
Then Proposition 3.4 yields
TC(F ∩ C) = 0. (3.3)
One can deﬁne the Gauss map G∗ : F → S2 on F as follows. If p ∈ F then p ∈ Fi for some i = 1,2, . . . ,n. Deﬁne G∗(p) =
Gi(p). One can see that G∗ is well deﬁned as follows. If p ∈ Fi ∩ F j , then p ∈ Ki ∩ K j therefore p ∈ Out(γi) ∩ Out(γ j). The
convex hulls of f (Out(γi)) and f (Out(γ j)) must contain the convex hull of f (Out(γi) ∩ Out(γ j)). Since at the beginning of
this section we assumed that the convex hull of the image of any open set has non-empty interior the outer normals of
Chull( f (Out(γi))) and Chull( f (Out(γ j))) must coincide at f (p).
As a consequence of (3.1) we have
G∗(F ) = G(CIn)
which yields (by Proposition 3.1)
TC(F ) TC(CIn) d.
Combining this with (3.3) we get
TC(F ∪ C) 4π + d.
Since the total curvature of the immersion is 4π we have TC(S2 − (F ∪ C))−d. Therefore the total absolute curvature
of the immersed sphere TAC(S2) 4π + 2d as claimed. This concludes the proof of Theorem 1. 
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TAC(S2) 4π + 2TC(CIn). (3.4)
This will be used later in the proof of Theorem 2.
4. Proof of Theorem 2
The rough idea of the proof is as follows. Let ft : S2 → R3, t ∈ [0,1] be a sphere eversion in general position such that
for every t ∈ [0,1] TAC( ft) < 12π and for all but ﬁnitely many t ’s ft is in general position and simple.
For an immersion without self-intersection we deﬁne In = ∅ and Out = S2. Then for every t ∈ [0,1] we have the disjoint
open sets Int and Outt (associated with the immersion ft ) and they change continuously with t in an appropriate sense.
Also, at every moment we have the coloring gt deﬁned on S2 − Γt and from the deﬁnition it is clear that gt(p) changes
continuously in t when p /∈ Γt . From Lemma 2.6 we know that Outt has the same color and from Proposition 2.5 we know
that for t = 0 the set Out0 = S2 = C+ has color 0 and for t = 1 the set Out1 = S2 = C− has color 1.
Therefore we have the following situation. On the one hand the color of Outt must change but on the other hand it
should remain the same due to the fact that gt is continuous in t . The only way this could be resolved if at some t0 we
have Outt0 = ∅. But in this case CInt0 = C and we have TC(CInt0 ) = 4π . Therefore we can set d = 4π in Proposition 3.1 and
repeating the previous argument (or referring to (3.4)) would give us TAC( ft0 ) 4π + 8π which is a contradiction.
To make the above argument precise let us note ﬁrst that since TAC( ft) is continuous in t there is a δ > 0 such that
TAC( ft) < 12π − 2δ for all t ∈ [0,1].
Denote by L ⊂ [0,1] the ﬁnite set of points where the immersion ft is not in general position. Then clearly if t ∈ [0,1]− L,
then ft is in general position and simple. Therefore we can according to the procedure described in Section 2 deﬁne the
sets Int and Outt for all t ∈ [0,1] − L. It may be possible to apply with suitable modiﬁcation the procedure of Section 2 for
the immersion ft with t ∈ L but it seems simpler to follow a different path.
First note that the coloring procedure of Section 2 will work for any smooth immersion therefore it will work for ft for
all t ∈ [0,1]. Then the following proposition is self evident.
Proposition 4.1. For any t0 ∈ [0,1] and for any compact set Q ∩Γt0 = ∅ there is a suﬃciently small positive constant a > 0 such that
Q ∩ Γt = ∅ for all t ∈ (t0 − a, t0 + a) and for any p ∈ Q , gt(p) is constant for t ∈ (t0 − a, t0 + a).
We skip the formal proof because the ﬁrst statement is rather obvious and the second statement also follows easily from
the coloring procedure and from the fact that the degree is homotopy invariant.
We can now deﬁne the sets Int0 and Outt0 for t0 ∈ L in the following way. According to the Proposition 4.1 for every
p /∈ Γt0 there is a suﬃciently small positive constant a > 0 such that p /∈ Γt for all t ∈ (t0 − a, t0 + a). Assuming that a was
chosen small enough that (t0 − a, t0 + a) ∩ L = {t0} we have either p ∈ Int for all t ∈ (t0 − a, t0 + a) − {t0} or p ∈ Outt for all
t ∈ (t0 − a, t0 + a)−{t0}. In the ﬁrst case we declare p ∈ Int0 while in the second case we declare p ∈ Outt0 . This deﬁnes the
sets Int0 and Outt0 for t0 ∈ L. From the deﬁnition it is clear that
Int0 ∩Outt0 = ∅ and Int0 ∪Outt0 = S2 − Γt0 . (4.1)
It would be easy to show that these sets are open as well (replace the set Q in the Proposition 4.1 by a closed disc) but
we will not need that.
Next we will show that Outt = ∅ for t ∈ L. From (3.4) we have that
4π + 2TC(Int) TAC( ft) < 12π − 2δ, for all t ∈ [0,1] − L
which yields
TC(Outt) > δ, for all t ∈ [0,1] − L.
Since the curvature remains bounded during the eversion this implies that
μ(Outt) > δ
′, for all t ∈ [0,1] − L (4.2)
for some δ′ > 0, where μ denotes the standard measure on S2.
Assume that for some t0 ∈ L, Outt0 = ∅. Then (4.1) implies that μ(Int0 ) = 4π . Therefore there is a compact set Q ⊂ Int0
with μ(Q ) > 4π − δ′/2. Then from Proposition 4.1 one obtains that there is a t ∈ [0,1] − L (suﬃciently close to t0) such
that Q ⊂ Int which yields that μ(Outt) < δ′/2 and that contradicts (4.2).
Finally we need to show that the color of Out0 and Out1 are the same. For t ∈ [0,1] − L we know from Lemma 2.6 that
the set Outt has the same color. The above proposition now implies that the same remains true for all t ∈ [0,1]. Indeed
if t0 ∈ L and p,q ∈ Outt0 then there is a t ∈ [0,1] − L (suﬃciently close to t0) such that p,q ∈ Outt and by Lemma 2.6
gt(p) = gt(q). Since gt(p) and gt(q) are constant near t0 we conclude that gt0(p) = gt0(p).
What remains to show is that the color of Outt as a function of t will not change. Let t0 ∈ [0,1] be arbitrary and
p ∈ Outt0 . Then Proposition 4.1 implies that there is a suﬃciently small positive number a > 0 such that p ∈ Outt for all
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interval [0,1] therefore it is constant which implies that Out0 and Out1 have the same color. This is a contradiction that
concludes the proof of Theorem 2.
Finally, we sketch the construction (due to the referee) of a non-simple immersion. Push the poles of the sphere through
to create a self-intersection circle γ bounding discs in both sheets. Push the sheet traverse to one of the discs across it
creating two triple points along γ and a new self-intersection circle β . The preimage of γ has one component γ1 with
two self-intersections and one component γ2 which is an imbedded. The preimage of β consists of two disjoint embedded
circles β1 and β2 both intersecting γ2 in two points. Consider a path α1 connecting a point on γ1 to a point on β1 and a
path α2 connecting conjugate points on γ2 and β2. Find a Whitney disc bounded by α1 and α2 and modify the immersion
in a small neighborhood of α1 by pushing it through—along the Whitney disc—a neighborhood of α2. The effect on the
preimage of the self-intersection is that γ1 and β1 and also γ2 and β2 are now connected by paths that run close to α1 and
α2 respectively. The preimage of the self-intersection contains two intersecting conjugate curves, therefore the immersion
is non-simple.
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